Abstract. On a smooth surface in Euclidean 3-space, we consider vanishing curves whose projections on a given plane are small circles centered at the origin. The bifurcations diagram of a parameter-dependent surface is the set of parameters and radii of the circles corresponding to curves with degenerate flattening points.
Introduction.
Recently, Arnold studied small perturbations of strongly degenerate Lagrangian and Legendre mappings (vanishing singularities) and obtained various modifications of the classical four-vertex theorem for a closed convex plane curve (see [2] [3] [4] and also [6, 7] ). In particular, new lower bounds for the number of flattening points of space curves [2] were found.
Here we solve one of Arnold's problems in the field [5] . A point on a space curve where the torsion vanishes (the first three derivatives of the curve are linearly dependent) is called a flattening point. A degenerate (multiple) flattening point is a multiple zero of the torsion.
We are interested in flattening points of a family of (vanishing) space curves γ(f, c) : S 1 → R 3 = {x, y, w} defined as the intersection of a smooth surface w = f (x, y) in R 3 (which is the graph of a function f : R 2 → R) with the family x 2 + y 2 = c of coaxial cylinders whose radius r = √ c tends to zero. Subtracting an affine function from f does not affect the projections of the flattening points, and so we can always assume that the differential of f at the origin is zero.
If the second differential d 2 f 0 at zero is nonumbilic (i.e., is not a multiple of dx 2 + dy 2 ), then the curve γ(f, c) has exactly four nondegenerate flattening points for sufficiently small c.
In the three-dimensional space of quadratic forms in two variables, the set of umbilic forms has the codimension 2, and so an umbilic degeneracy of d 2 f 0 can occur in generic families of functions only if there are at least two parameters.
The bifurcation diagram B(F ) of a family of functions F : R 2 ×Λ → R depending on parameters λ ∈ Λ = R k is the set of pairs (λ, c) ∈ Λ × R such that the curve γ(F ( · , λ), c) has a degenerate flattening point.
We study the singularities of the bifurcation diagram at c = 0 of a generic two-parameter family F such that f = F | λ=0 is a function with an umbilic critical point at the origin up to a so-called polar equivalence of families of functions, which preserves the diffeomorphic type of bifurcation diagrams.
We show that the 3-jet of such a family (with parameters a, b) is equivalent to the jet of the polynomial family f 0 = x 3 − 3xy 2 + 2bxy + a(x 2 − y 2 ), whose bifurcation diagram is a parabolic surface (cup) with six cuspidal edges meeting at the origin (see Fig. 1 ).
The section of this surface by a coordinate plane c = const is a six-cusped hypocycloid (the trajectory of a point of a circle of radius r = √ c rolling without slipping on the inner side of a fixed circle of radius 6r).
The bifurcation diagram of any extension of f 0 by arbitrary higher-order terms tends to that of f 0 as r → 0 (Proposition 2). The parameters of points in the interior of the cup correspond to curves with six simple flattening points, and the points in the exterior correspond to curves with four flattening points. Regular points of the surface itself correspond to curves with double flattening points, and those on the cuspidal edges define curves with triple flattening points.
Our main result (Theorem 1) is the proof of the fact that, up to polar equivalence, generic C ∞ umbilic families of functions have exactly one modulus (continuous invariant of the orbit). We use a technique close to [1] .
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Definitions and
Definitions. Two families F 1 , F 2 : R 2 × R k → R are said to be cylindrically equivalent if their defining mappings are contact equivalent, in other words, if there exists a nonsingular 2×2 matrix M whose entries are smooth functions in (x, y, λ, c) and a diffeomorphism Θ : R 2 ×R k ×R → R 2 ×R k ×R that preserves the boundary c = 0 and the fibration π : (x, y, λ, c) → (λ, c) over the parameter space (i.e., satisfies
Two families F 1 , F 2 : R 2 × R k → R are said to be polar-equivalent if their images F 1 , F 2 are cylindrically equivalent.
Remarks. 1. Clearly, cylindrically equivalent generating families (and hence polar-equivalent families) determine diffeomorphic bifurcation diagrams.
2. The cylindrical equivalence orbits of the families F + φ(x 2 + y 2 − c) in x, y, λ, c with arbitrary functions φ coincide. Thus in the sequel we identify families in x, y with parameters a, b, c differing by a function that belongs to the ideal generated by the equation x 2 + y 2 − c = 0.
In the complex variables z = x + iy,z = x − iy on R 2 , the operator L acquires the form L = i z 
